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EHRHART POLYNOMIALS WITH NEGATIVE COEFFICIENTS
TAKAYUKI HIBI, AKIHIRO HIGASHITANI, AKIYOSHI TSUCHIYA
AND KOUTAROU YOSHIDA
Abstract. It is shown that, for each d ≥ 4, there exists an integral convex
polytope P of dimension d such that each of the coefficients of n, n2, . . . , nd−2 of
its Ehrhart polynomial i(P , n) is negative. Moreover, it is also shown that for
each d ≥ 3 and 1 ≤ k ≤ d − 2, there exists an integral convex polytope P of
dimension d such that the coefficient of nk of the Ehrhart polynomial i(P , n) of
P is negative and all its remaining coefficients are positive. Finally, we consider
all the possible sign patterns of the coefficients of the Ehrhart polynomials of low
dimensional integral convex polytopes.
Introduction
A convex polytope is called integral if any of its vertices has integer coordinates.
Let P ⊂ RN be an integral convex polytope of dimension d. We define the function
i(P, n) by setting
i(P, n) = ♯(nP ∩ ZN ) for n = 1, 2, . . . ,
where nP = {nα : α ∈ P } and ♯X is the cardinality of a finite set X . The study
on i(P, n) originated in Ehrhart [2] who proved that i(P, n) is a polynomial in n
of degree d with the constant term 1. Furthermore, the coefficients of nd and nd−1
of i(P, n) are always positive ([1, Corollary 3.20 and Theorem 5.6]). We say that
i(P, n) is the Ehrhart polynomial of P.
In his talk of the Clifford Lectures at Tulane University, 25–27 March 2010,
Richard Stanley gave an Ehrhart polynomial with a negative coefficient. More
precisely, the polynomial 13
6
n3 + n2 − 1
6
n + 1 is the Ehrhart polynomial of the
tetrahedron in R3 with vertices (0, 0, 0), (1, 0, 0), (0, 1, 0) and (1, 1, 13). See [1, Ex-
ample 3.22]. His talk naturally inspired us to find integral convex polytopes of
dimension ≥ 4 whose Ehrhart polynomials possess negative coefficients. Consult [3,
Part II] and [4, pp. 235–241] for fundamental materials on Ehrhart polynomials.
The primary purpose of the present paper is, for each d ≥ 4, to show the existence
of an integral convex polytope of dimension d such that each of the coefficients of
n, n2, . . . , nd−2 of its Ehrhart polynomial i(P, n) is negative. In fact,
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Theorem 0.1. Given an arbitrary integer d ≥ 4, there exists an integral convex
polytope P of dimension d such that each of the coefficients of n, n2, . . . , nd−2 of the
Ehrhart polynomial i(P, n) of P is negative.
This theorem says that all the possible coefficients of Ehrhart polynomials can be
negative.
The second purpose of the present paper is the study of the sign patterns of the
coefficients of the Ehrhart polynomials of integral convex polytopes. In the present
paper, as a futher investigation on the sign of the coefficients of Ehrhart polynomials,
we prove the following theorem.
Theorem 0.2. Given arbitrary integers d and k with 1 ≤ k ≤ d− 2, there exists an
integral convex polytope P of dimension d such that the coefficient of nk of i(P, n)
is negative and all its remaining coefficients are positive.
Finally, we also consider all the possible sign patterns of the coefficients of the
Ehrhart polynomials of low dimensional integral convex polytopes (Proposition 3.2).
1. The existence of Ehrhart polynomials with negative coefficients
In this section, we prove Theorem 0.1. First, we collect some examples (Example
1.1 and 1.2) which we will use in the proofs of Theorem 0.1, 0.2 and Proposition
3.2.
Example 1.1. Let m be an arbitrary positive integer and let
ℓm = {α ∈ R : 0 ≤ α ≤ m}.
Note that this ℓm is nothing but an integral convex polytope of dimension 1. Then
the Ehrhart polynomial i(ℓm, n) is equal to mn + 1.
Example 1.2. It is known [1, Example 3.22] that given an arbitrary integer m ≥ 1,
there exists an integral convex polytope Q
(3)
m of dimension 3 with
i(Q(3)m , n) =
m
6
n3 + n2 +
−m+ 12
6
n+ 1.
Next, we recall the following well-known fact.
Lemma 1.3. Let f1(n) and f2(n) be the Ehrhart polynomials of some integral convex
polytopes of dimension d1 and d2, respectively. Then there exists an integral convex
polytope of dimension d1 + d2 whose Ehrhart polynomial is equal to f1(n) · f2(n).
Proof. Take the direct product of two integral convex polytopes. 
Our proof of Theorem 0.1 will be given after preparing Lemma 1.4.
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Lemma 1.4. Let d and j be integers with d ≥ 5 and 3 ≤ j ≤ d− 2, and
g(d, j) = (d− 3)2
(
d− 3
j − 1
)
−
(
d− 3
j − 3
)
.
Then one has g(d, j) > 0.
Proof. Since d ≥ 5, one has g(d, 3) = (d − 3)2
(
d−3
2
)
− 1 > 0 and g(d, d − 2) =
(d − 3)2 −
(
d−3
2
)
> 0. Thus g(d, j) > 0 for j = 3 and j = d − 2. Especially the
assertion is true for d = 5 and d = 6.
We now work with induction on d. Let d ≥ 7 and 4 ≤ j ≤ d− 3. Then
g(d, j) = ((d− 4)2 + 2d− 7)
((
d− 4
j − 1
)
+
(
d− 4
j − 2
))
−
((
d− 4
j − 3
)
+
(
d− 4
j − 4
))
= g(d− 1, j) + g(d− 1, j − 1) + (2d− 7)
(
d− 3
j − 1
)
.
It follows from the assumption of induction that g(d − 1, j) + g(d − 1, j − 1) > 0.
Hence g(d, j) > 0, as desired. 
Now, we prove Theorem 0.1.
Proof of Theorem 0.1. Given an arbitrary integer d ≥ 4, from Example 1.1 and 1.2,
and by applying Lemma 1.3 repeatedly, there exists an integral convex polytope
P
(d)
m of dimension d such that
i(P(d)m , n) = i(ℓd−3, n)
d−3i(Q(3)m , n)
= ((d− 3)n+ 1)d−3
(
m
6
n3 + n2 +
−m+ 12
6
n + 1
)
.
Let i(P
(d)
m , n) =
∑d
i=0 c
(d,m)
i n
i with each c
(d,m)
i ∈ Q. Then
c
(d,m)
1 =
−m+ 12
6
+ A1, c
(d,m)
2 = 1 +
−m+ 12
6
A1 + A2
and
c
(d,m)
j =
m
6
Aj−3 + Aj−2 +
−m+ 12
6
Aj−1 + Aj , 3 ≤ j ≤ d− 2,
where
Ai = (d− 3)
i
(
d− 3
i
)
, 0 ≤ i ≤ d− 2.
Now, since each Aj is independent of m, it follows that each of c
(d,m)
1 and c
(d,m)
2 is
negative for m sufficiently large. Let 3 ≤ j ≤ d− 2. One has
c
(d,m)
j = −
Aj−1 −Aj−3
6
m+ (Aj−2 + 2Aj−1 + Aj)
= −(d− 3)j−3
g(d, j)
6
m+ (Aj−2 + 2Aj−1 + Aj),
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where g(d, j) is the same function as in Lemma 1.4. Since g(d, j) > 0, it follows that
c
(d,m)
j can be negative for m sufficiently large. Hence, for m sufficiently large, the
integral convex polytope P
(d)
m of dimension d enjoys the required property. 
We conclude this section with
Remark 1.5. The polynomial
i(Q(3)m , n) =
m
6
n3 + n2 +
−m+ 12
6
n+ 1
=
1
6
(n + 1)(mn2 + (6−m)n+ 6)
has a real positive zero for m sufficient large. Hence i(P
(d)
m , n) has a real positive
zero for m sufficient large.
Thus in particular, for m sufficient large and for an arbitrary integral convex
polytope Q, the Ehrhart polynomial i(P
(d)
m × Q, n) of P
(d)
m × Q also possesses a
negative coefficient.
We are grateful to Richard Stanley for his suggestion on real positive roots of
Ehrhart polynomials.
2. Ehrhart polynomials having only one negative coefficient
In this section we prove Theorem 0.2. Let edi be the ith unit coordinate vector of
Rd for 1 ≤ i ≤ d and let 0d be the origin of Rd. First, we give the following example.
Example 2.1. (a) Let
P(4) = conv({04, e41, e
4
2, e
4
3, e
4
1 + 26e
4
3 + 27e
4
4}) ⊂ R
4.
Then we have
i(P(4), n) =
9
8
n4 +
31
12
n3 +
3
8
n2 −
1
12
n + 1.
(b) Let
P(5) = conv({05, e51, e
5
2, e
5
3, e
5
4, e
5
4 + e
5
5, e
5
1 + 50e
5
4 + 51e
5
5}) ⊂ R
5.
Then we have
i(P(5), n) =
13
30
n5 +
55
24
n4 +
37
12
n3 +
5
24
n2 −
1
60
n+ 1.
We also prepare the following two lemmas (Lemma 2.2 and Lemma 2.3).
Lemma 2.2. Given an arbitrary integer d ≥ 3, there exists an integral convex
polytope P of dimension d such that the coefficient of n of i(P, n) is negative and
all its remaining coefficients are positive.
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Proof. From Example 1.2 and Example 2.1, we have
i(Q
(3)
13 , n) =
13
6
n3 + n2 −
1
6
n+ 1;
i(P(4), n) =
9
8
n4 +
31
12
n3 +
3
8
n2 −
1
12
n+ 1;
i(P(5), n) =
13
30
n5 +
55
24
n4 +
37
12
n3 +
5
24
n2 −
1
60
n+ 1.
These examples show the required assertion in the cases d = 3, 4 and 5.
Let f(n) = i(Q
(3)
13 , n), g(n) = i(P
(4), n), h(n) = i(P(5), n) and
p(n) = i(Q
(3)
12 , n) = 2n
3 + n2 + 1.
By applying Lemma 1.4 repeatedly, one sees that for each integer s ≥ 1, the poly-
nomial f(n) · p(n)s is the Ehrhart polynomial of an integral convex polytope of
dimension 3(s + 1). Similarly, g(n) · p(n)s and h(n) · p(n)s are also the Ehrhart
polynomials of some integral convex polytopes of dimension 3s + 4 and dimension
3s + 5, respectively. Thus, it is enough to prove that the coefficient of n of each
of the polynomials f(n) · p(n)s, g(n) · p(n)s and h(n) · p(n)s is negative and all the
remaining coefficients are positive.
We will prove by induction on s that for each s ≥ 0, the coefficient of n of
f(n) ·p(n)s is equal to −1
6
, the coefficient of n2 is equal to s+1 and all the remaining
coefficients are positive. Suppose that s ≥ 1 and the polynomial f(n) ·p(n)s−1 looks
like
f(n) · p(n)s−1 = a3sn
3s + · · ·+ a3n
3 + sn2 −
1
6
n+ 1,
where each aj > 0. Then the direct computation shows that the coefficients of
n, n2, n3 and n4 of f(n) · p(n)s = (f(n) · p(n)s−1) · p(n) are as follows:
(the coefficient of n of f(n) · p(n)s) = −
1
6
;
(the coefficient of n2 of f(n) · p(n)s) = s+ 1;
(the coefficient of n3 of f(n) · p(n)s) = a3 −
1
6
+ 2 > 0;
(the coefficient of n4 of f(n) · p(n)s) = a4 + s−
1
3
> 0.
Moreover, since each aj is positive, all the coefficients of n
r with r ≥ 5 are also
positive. Hence, the coefficient of n of f(n) · p(n)s is equal to −1
6
, the coefficient
of n2 is equal to s + 1 and all the remaining coefficients are positive. Thus, by
induction on s, we conclude that the Ehrhart polynomial f(n) · p(n)s satisfies the
required condition for each s ≥ 0. In particular, the coefficient of n of f(n) · p(n)s
is negative and all its remaining coefficients are positive.
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By the same discussions as above, we can conclude that the Ehrhart polynomials
g(n) · p(n)s and h(n) · p(n)s also enjoy the required properties for each s ≥ 1, as
desired. 
Lemma 2.3. Given an integer e ≥ 3, suppose that there is an integral convex
polytope P of dimension e such that the coefficient of nr of i(P, n) is negative and
all its remaining coefficients are positive for some 1 ≤ r ≤ e− 2. Then there exists
an integral convex polytope P ′ of dimension e + 1 such that the coefficient of nr+1
of i(P ′, n) is negative and all its remaining coefficients are positive.
Proof. Let
i(P, n) = aen
e + · · ·+ ar+1n
r+1 − arn
r + ar−1n
r−1 + · · ·+ a1n + 1,
where each aj > 0. By applying Lemma 1.4, we see that there exists an integral
convex polytope of dimension e+ 1 such that i(P ′, n) = (mn + 1)i(P, n). (See also
Example 1.1.) Then
i(P ′, n) = maen
e+1 + (mae−1 + ae)n
e + · · ·+ (mar+1 + ar+2)n
r+2
+ (−mar + ar+1)n
r+1 + (mar−1 − ar)n
r
+ (mar−2 + ar−1)n
r−1 + · · ·+ (m+ a1)n+ 1.
Hence, for a sufficiently large integer m, the coefficient of nr+1 of the Ehrhart poly-
nomial i(P ′, n) is negative and all its remaining coefficients are positive. 
Now, we are in the position to give a proof of Theorem 0.2.
Proof of Theorem 0.2. For a given integer d ≥ 3, Lemma 2.2 directly proves the case
where k = 1. Assume k > 1 and d > 3.
From k ≤ d − 2, we have d − k + 1 ≥ 3. Let R(d−k+1) be an integral convex
polytope of dimension d − k + 1 such that the coefficient of n of i(R(d−k+1), n)
is negative and all its remaining coefficients are positive. Note that the existence
of such polytope is guaranteed by Lemma 2.2. Applying Lemma 2.3 for R(d−k+1)
repeatedly by (k − 1) times proves the existence of an integral convex polytope P ′
of dimension d(= (d−k+1)+(k−1)) satisfying that the coefficient of nk of i(P ′, n)
is negative and all its remaining coefficients are positive, as desired. 
3. A question on possible sign patters of coefficients
In this section, we consider the following question.
Question 3.1. Given a positive integer d ≥ 3 and integers i1, . . . , iq with 1 ≤ i1 <
· · · < iq ≤ d − 2, does there exist an integral convex polytope of dimension d whose
Ehrhart polynomial satisfies
• all the coefficients of ni1 , . . . , niq are negative and
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• all the remaining coefficients are positive?
We give a partial answer for Question 3.1. More precisely, we solve this in the
case d ≤ 6.
Proposition 3.2. Given an integer 3 ≤ d ≤ 6 and integers i1, . . . , iq with 1 ≤ i1 <
· · · < iq ≤ d − 2, there exists an integral convex polytope of dimension d whose
Ehrhart polynomial satisfies that all the coefficients of ni1 , . . . , niq are negative and
all the remaining coefficients are positive.
Proof. Theorem 0.2 guarantees the case q = 1 for every d ≥ 3. Moreover, Theorem
0.1 guarantees the case q = d− 2 for every d ≥ 3.
Thus, the remaining cases are as follows:
(a) d = 5, q = 2 and (i1, i2) = (1, 2), (1, 3), (2, 3);
(b) d = 6, q = 2 and (i1, i2) = (1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4);
(c) d = 6, q = 3 and (i1, i2, i3) = (1, 2, 3), (1, 2, 4), (1, 3, 4), (2, 3, 4).
Each of these cases is guaranteed by Example 3.3 below, as required. 
Example 3.3. (a) Let
P
(5)
1,2 = conv({0
5, e51, e
5
2, e
5
3, e
5
4, e
5
1 + e
5
2 + 99e
5
4 + 100e
5
5}) ⊂ R
5,
P
(5)
1,3 = conv({0
5, e51, e
5
2, e
5
3, e
5
4, 3e
5
1 + 4e
5
2 + 5e
5
3 + 8e
5
4 + 371e
5
5}) ⊂ R
5,
P
(5)
2,3 = ℓ10 × ℓ10 ×Q
(3)
100 ⊂ R
5,
where ℓ10 and Q
(3)
100 are the polytopes appearing in Example 1.1 and Example 1.2,
respectively. Then
i(P
(5)
1,2 , n) =
5
6
n5 +
17
4
n4 +
29
6
n3 −
9
4
n2 −
8
3
n+ 1,
i(P
(5)
1,3 , n) =
371
120
n5 +
1
8
n4 −
1
24
n3 +
15
8
n2 −
1
20
n+ 1,
i(P
(5)
2,3 , n) =
5000
3
n5 +
1300
3
n4 − 1430n3 −
577
3
n2 +
16
3
n + 1.
(b) Let
P
(6)
1,2 = conv({0
6, e61, e
6
2, e
6
3, e
6
4, e
6
5, e
6
1 + e
6
2 + 999e
6
5 + 1000e
6
6}) ⊂ R
6,
P
(6)
1,3 = conv({e
3
1, e
3
1 + e
3
2, e
3
1 + e
3
3, e
3
2 + e
3
3, 3e
3
1 + 4e
3
3, 4e
3
1 + e
3
2 + 3e
3
3})×Q
(3)
26 ⊂ R
6,
P
(6)
1,4 = Q
(3)
12 ×Q
(3)
16 ⊂ R
6,
P
(6)
2,3 = ℓ2 × ℓ2 × ℓ2 ×Q
(3)
30 ⊂ R
6,
P
(6)
2,4 = ℓ40 × P
(5)
1,3 ⊂ R
6,
P
(6)
3,4 = conv({0
6, e61, e
6
2, e
6
3, e
6
4, e
6
5, e
6
1 + e
6
2 + e
6
3 + 999(e
6
4 + e
6
5) + 1000e
6
6}) ⊂ R
6,
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where P
(5)
1,3 is the polytope appearing in (a) above. Then
i(P
(6)
1,2 , n) =
25
18
n6 +
751
60
n5 +
2515
72
n4 +
131
6
n3 −
2435
72
n2 −
617
20
n+ 1,
i(P
(6)
1,3 , n) =
130
9
n6 +
137
6
n5 +
55
9
n4 −
2
3
n3 +
4
9
n2 −
1
6
n+ 1,
i(P
(6)
1,4 , n) =
16
3
n6 +
14
3
n5 −
1
3
n4 + 4n3 + 2n2 −
2
3
n+ 1,
i(P
(6)
2,3 , n) = 40n
6 + 68n5 + 18n4 − 17n3 − 5n2 + 3n+ 1,
i(P
(6)
2,4 , n) =
371
3
n6 +
971
120
n5 −
37
24
n4 +
1799
24
n3 −
1
8
n2 +
799
20
n+ 1,
i(P
(6)
3,4 , n) =
25
18
n6 +
503
120
n5 −
241
36
n4 −
475
24
n3 +
281
36
n2 +
191
10
n + 1.
(c) Let
P
(6)
1,2,3 = ℓ1 × ℓ1 × ℓ1 ×Q
(3)
40 ⊂ R
6,
P
(6)
1,2,4 = Q
(3)
10 ×Q
(3)
100 ⊂ R
6,
P
(6)
1,3,4 = ℓ1 × conv({0
5, e51, e
5
2, e
5
3, e
5
4, e
5
1 + e
5
2 + 2e
5
3 + 10e
5
4 + 1000e
5
5}) ⊂ R
6,
P
(6)
2,3,4 = ℓ3 × ℓ3 × ℓ3 ×Q
(3)
40 ⊂ R
6.
Then
i(P
(6)
1,2,3, n) =
20
3
n6 + 21n5 +
55
3
n4 −
10
3
n3 − 10n2 −
5
3
n + 1,
i(P
(6)
1,2,4, n) =
250
9
n6 +
55
3
n5 −
161
9
n4 + 4n3 −
26
9
n2 −
43
3
n+ 1,
i(P
(6)
1,3,4, n) =
25
3
n6 +
26
3
n5 −
11
3
n4 −
7
3
n3 +
1
3
n2 −
1
3
n+ 1,
i(P
(6)
2,3,4, n) = 180n
6 + 207n5 − 39n4 −
250
3
n3 − 14n2 +
13
3
n+ 1.
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